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C^ ' Abstract 

The existence of complete Radner equilibria is established in an 
economy which parameters are driven by a diffusion process. Our re- 
sults complement those in the literature. In particular, we work under 
^ ■ essentially minimal regularity conditions and treat time-inhomogeneous 

case. 
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-^ . 1 Introduction 

C^ , The three basic topics in asset pricing theory are arbitrage, single-agent op- 

timality, and equilibrium; see, e.g., Duffie [6], Dana and Jeanblanc [4], and 
Karatzas and Shreve [9] . While in the first two cases the general mathemat- 
ical theory is essentially complete, see, e.g., Delbaen and Schachermayer [5] 
(arbitrage) and Kramkov and Schachermayer [12] and Mostovyi [17] (opti- 
mal investment), the situation with equilibrium is more involved. 

In the continuous time setting, when stocks are defined by their divi- 
dends, the first sufficient conditions for the existence of dynamic Radner 
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equilibria are obtained only recently in Anderson and Raimondo [1]. A key 
idea is to look for a complete Radner equilibrium, which is then necessarily 
constructed in two steps. First, one gets a static Arrow-Debreu equilib- 
rium; this is standard and requires very few assumptions, see, e.g., Dana [3] 
and Kramkov [13]. Then one proves the endogenous completeness property, 
that is, shows that the stock prices generated from the dividends by this 
Arrow-Debreu equilibrium define a complete financial market. 

The novelty and difficulty are in the second step. From a pure mathe- 
matical point of view, the verification of endogenous completeness can be 
stated as a backward martingale representation problem; see Kramkov and 
Predoiu [14]. There are random variables C > and ip = {ip-'), which are 
explicitly constructed in terms of model's primitives: dividends, incomes, 
and utilities. A probability measure Q and a Q-martingale S = (S^) are 
defined by 

— = const C and 5^ = Eq [?/;■'' jj^]. 

The problem is to verify whether every Q-martingale can be written as a 
stochastic integral with respect to S. 

The results of Anderson and Raimondo [1] have been generalized in 
Hugonnier et al. [7] and Riedel and Herzberg [18]. We build on these works. 
Similar to these papers we assume that the parameters of the economy have 
a Markov-type dependence on a diffusion process, that the Jacobian matrix 
of terminal dividends is non-degenerated, and that the dependence on time 
is analytic. Our contribution is two-fold. 

First, we work under essentially minimal regularity conditions. For in- 
stance, with respect to the state variable, the volatility matrix of underlying 
diffusion is only uniformly continuous, while the drift vector is just mea- 
surable. A detailed comparison between our assumptions and those in the 
literature is given in Remarks 3.2, 3.3, 3.4, and 3.7. 

Second, we rigorously treat the case of time-dependence in dividends, 
income streams, and utilities. For instance, we allow the utility functions 
for intermediate consumption to be of the form: e~'^ ^Um{c) with different 
impatience coefficients v^. Although the papers [1] and [18] claim to cover 
such time-inhomogeneous situations, their arguments are, at best, incom- 
plete; see Remarks 3.4 and 3.7. 

Basic concepts and notations 

If X and y are vectors in M", then xy denotes the scalar product and |2;| = 
/xx. If a E ]^™-x" is a, matrix with m rows and n columns, then ax denotes 



its product on the (coluiiin-)vector x, a* stands for the transpose, and \a\ = 
Y^trace(aa*). 

Let X be a Banach space and D he a set in an Euchdean space M 
contained in the closure of its interior. A map / : D — )• X is analytic if for 
every x £ D there exist a number e{x) > and elements {Aa{x)) in X such 
that 

f{y) = X] ^(^(^)(y ~ ^)"' y ^ D,\y -x\ < e(x), 

a 

where the series converges in the norm ||-||x of X, the summation is taken 
with respect to multi-indices a = (ai, . . . , aa) of non-negative integers, and, 
for X = {xi, . . . , Xd), x" = ni=i ^T ■ ^ ™^P / • -D — )• X is Holder continuous 
if there is < 5 < 1 such that 

\\fix)-f{y)\\x , 

sup j 1^ < oo. 

Of course, a map / : Z? — )• X is bounded if sup^g£,||/(x)||x < oo. 

In this paper, X is one of the following spaces of functions defined on a 
set E C W^: 

Loo = Loo {E) = Loo (-£■ , dx) : the Lebesgue space of bounded real- valued func- 
tions f on E with the norm ||/||loo = 6sssup^g£;|/(x)|. 

C = C{E): the Banach space of bounded and continuous real- valued func- 
tions / on E with the norm ||/||c = sviPxeE\f{^)\- 

2 Complete Radner equilibrium 

We consider an economy with M agents. The uncertainty and the informa- 
tion flow are modeled by a complete filtered probability space {i},J-'i,F = 
(J^t)tg[o,i],IP)- The agents choose cumulative consumption processes C = 
(C't)tg[o,i] from a set C of optional non-decreasing processes. Their pref- 
erences regarding consumption are specified in terms of (expected) utility 
functionals: 

U™ : C ^ ]R U {-00} U {00}, m = 1, . . . , M. 

The agents receive cumulative income processes I"^ G C, m = 1, . . . , M. 

The financial market consists of a zero-coupon bond and J stocks. The 
bond pays the notional ^ > at maturity t = 1. The stocks pay the 



dividend rates 9 = {9-j.) and the terminal dividends = (©•'). Thus, the 
total cash dividend paid by jth stock up to time t G [0, 1] is 



Jo 



The prices of the assets are determined endogenously by the equilibrium 
mechanism specified in Definition 2.1. 

By a {B, S)-market we call an optional process B = {Bt) > and a 

n: 



J-dimensional semimartingale 5 = (S^) having the terminal values 



Bi=^ and Si=—+ -^du, j = l,...,J. (1) 

Here B denotes the price process of the zero-coupon bond and S^B repre- 
sents the wealth process of the buy-and-hold strategy for jth stock; equiva- 
lently, S^ is the discounted value of this strategy. 

A probability measure Q is a martingale measure for S* if Q ~ P and 
S is a Q- martingale. We call a {B, 5)-market complete if there is only one 
such Q; this is the case if and only if every local martingale under Q is a 
stochastic integral with respect to S, see Jacod [8, Section Xl.l(a)]. 

We now introduce the main object of our study. 

Definition 2.1. A pair {{B,S), (C"*)m=i,...,M); consisting of a (i?, S')-market 
and consumptions C™ £ C, m = 1, . . . ,M, is a complete Radner equilibrium 
if 

1. The (i?, S')-market is complete; denote by Q the unique martingale 
measure for S. 

2. The clearing condition holds: 

M M 

5^ar = 5^/r, tG[o,i]. (2) 

m=l m=l 

3. For every m = 1, . . . , M we have 



|U'"(C7™)|+E<^[/ ^ii^]<oo, 
Jo Bt 



'^ diY 

the consumption C™ satisfies the budget constraint: 

Bt Jo Bt 



and U"*(C"") > U™(C) for every consumption C € C satisfying same 
budget constraint: 



Bt Jo Bt 

For the convenience of future references we also recall the definition of 
the (static) Arrow-Debreu equilibrium. 

Definition 2.2. A pair (P, (C"")m=i,...,A/)) consisting of a positive optional 
consumption price process P > and consumptions C" S C, m = 1, . . . , M, 
is an Arrow-Debreu equilibrium if the clearing condition (2) holds and for 
every m = 1, . . . , M we have 



|U'"(C7™)|+E[/ Ptdir] <oo, 
Jo 



the consumption C" satisfies the budget constraint: 



1 /■! 



m Ptdcn = ni Ptdi 



JO 

and 1LJ"'(C"^) > ILJ'^(C) for every consumption C ^ C satisfying same budget 
constraint: 

nl PtdCt] = E[[ Ptdin. 

Jo Jo 

The relations between these two types of equilibria are summarized in 
the following lemmas. 

Lemma 2.3. Let {{B,S), (C™)m=i,...,Af) be a complete Radner equilibrium. 
Let Q be the martingale measure for S, denote by Z the density process o/Q 
underF, and set P = Z/B. T/ien E[Pi^] = 1 and the pair {P, {C"')ni=i,...,M) 
is an Arrow-Debreu equilibrium. 

Lemma 2.4. Let (P, (C™)m=i,...,A/) be an Arrow-Debreu equilibrium such 
that E[Pi^] = 1. Let Q be the probability measure with the density process 
Zt = E.[Pi^\J^t] under P, set B = Z/P , and suppose that the J -dimensional 
martingale S = (Sf) under Q with the terminal value (1) is well-defined. 
If the {B,S)-market is complete, then ((P, 5"), (C"^)m=i,....Af) is a complete 
Radner equilibrium. 



The proofs are direct consequences of the identities 

Jo ^t Jo -D* Jo -Dt 

which hold for an optional process S > 0, an optional non-decreasing process 
C, and a probability measure Q ~ P with the density process Z. 



3 Model's primitives 

The primitives of our model are defined in terms of the d-dimensional dif- 
fusion 



Xt = Xo+ I b{s,Xs)ds+ I a{s,Xs)dWs, t£ [0,1]- 
Jo Jo 



(3) 



Here Xq G M*^, VF is a Brownian motion with values in MJ^ defined on a 
complete filtered probability space ($1,7^1, F = {J't)te[o,i]i^)^ ^^^ the drift 
b = b{t, x) : [0, 1] X R"^ ^ R'^ and the volatility a = a{t, x) : [0, 1] x M'^' ^ 
]^dxd gj.^ such that for alH, J = 1, . . . , d: 

(Al) the maps t ^ b'{t, •) of [0, 1] to Loo and t ^ a'^{t, •) of [0, 1] to C are 
analytic on (0,1) and Holder continuous on [0,1]. For t G [0,1] and 
X E M the matrix a{t,x) has the inverse a~^{t,x) and there exists a 
constant A^ > 0, same for all t and x, such that 

\a-\t,x)\<N. (4) 

Moreover, there exists a strictly increasing function lo = {u}{e))e>o such 
that uj{e) -> as e I and, for all t G [0, 1] and aU x,y £ M'^, 

\a{t,x) -a{t,y)\ < a;(|x-y|). 
In view of (4), we can assume that the filtration F is generated by X: 

F = F^^(J-/^),,[o,i]> (5) 

where, as usual, T^ denotes the a-field generated by {Xs)s<t and comple- 
mented with P-null sets. 

Remark 3.1. With respect to x, the conditions in (Al) are, essentially, the 
minimal classical assumptions guaranteeing the existence and the uniqueness 
of the weak solution to (3); see Stroock and Varadhan [19, Theorem 7.2.1] 
and Krylov [16, 15]. This weak solution is also well-defined when b and a 
are only measurable functions with respect to t. Example 2.5 in [14] shows 
that the requirement on o" = a{t, x) to be t-analytic is, however, essential 
for our main Theorem 4.1 to hold. 
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Remark 3.2. Let us compare our assumptions on the diffusion X witli those 
in literature. In the pioneering paper [1], X is a Brownian motion. In 
[7] the conditions are imposed on the diffusion coefficients b = b{t, x) and 
a = a{t, x) and on the transition density p = p{t, x, s, y). In the main body 
of [7], it is assumed that b, a, and p are analytic functions with respect to 
all their arguments. In the technical appendix to [7], these functions are 
required to be analytic with respect to t and s and 5-times (7-times for p) 
continuously differentiable with respect to x and y. In [18] the diffusion 
coefficients b and a do not depend on t, the matrix a is invertible and 
b = b{x), a = cr{x), and cr~^ = a~^{x) and bounded and analytic functions. 
Prom the point of view of applications, the most severe constraint of 
our setup is the boundedness assumption on the diffusion coefhcients. This 
condition was used in the "backward" martingale representation theorem 
in [14], on which this paper relies, to facilitate references to the results from 
elhptic PDEs. 

3.1 Notional and dividends 

From now on, the uncertainty and the information flow are modeled by 
the filtered probability space (il, J^i,F = (-7^t)tg[o,i],P) with the filtration F 
generated by the diffusion X from (3). 

We assume that the notional ^, for the bond, and the intermediate 
dividend rates = (9j) and the terminal dividends = (Q-'), for the stocks, 
have the form: 

0^■ = /^■(t,XOe/oP'■(^■^=)'^^ tG[0,l], 
e^' = G{Xi)F^{Xi)e-foP'(''^^)'^', j = 1, . . . , J, 

where the functions G, F^ on W^ and q, f-' ,p^ on [0, 1] x W^ satisfy 

(A2) The functions G and F^ are weakly differentiable, G > 0, the Jaco- 

bian matrix [Fi-] has rank d almost surely under the 

V Jj=i,...,j,i=i,...,d 

Lebesgue measure on M , and there is a constant A^ > such that 



|G.,(x)| + |Fi;(rE)|<e^(i+l^l), xe 



jjd 



and such that t^e-^H/i(t,.) A {e-^\'^\p{t,x))^^^^ and t^q{t,-), 
t >-^ p^{t, •) are Holder continuous maps of [0, 1] to Lqo whose restric- 
tions on (0, 1) are analytic. 



The expressions for ^, 6^ , and 0-^ are similar to those in [1], where the rate 
functions q and p^ equal to zero. 

Remark 3.3. When the diffusion coefficients o"*-' and ¥ and the functions /•', 
q, and p' are also x-analytic it is enough to assume that the Jacobian matrix 
^Fi^ J has rank d only on an open set (equivalently, at just one point), see 

[1], [7], and [18]. Without rr-analyticity this is not possible, see Example 2.7 

in [14]. 

Remark 3.4. The t-analyticity condition on f^ cannot be omitted; see Ex- 
ample 2.6 in [14]. We stress that t i— )• e~ '''f^{t,-) is analytic as a map 
of (0, 1) to Loo; same is true for the rate functions p' and q and the dif- 
fusion coefficients 6* and a^^ . This is more than just boundedness and the 
analyticity of t i— )■ e~ '''^'f^{t,x) for every x S M . For instance, the map 
1 1—)- (e~^l^l sin(te^ ))xeR^ of (Oi 1) to Lqo is not even differentiable. 

Observe that the analyticity of the map 1 1— )• /(i, •) of [0, 1] to Lqo implies 
the existence of a bounded continuously differentiable function h = h{t, x) 
on [0,1] X M.'^ such that t >->• h{t,-) and t i->- hxi{t,-) are analytic maps of 
[0, 1] to Loo and 



h{t,Xt)=E[f f{s,Xs)ds\Tt], tG[0,l]. 



(6) 



This follows from the results of Komatsu [11] and Kato and Tanabe [10] 
on time-analyticity of solutions of evolution equations; the details of the 
argument can be found in [14, Sections 3 and 4]. In particular, h{-,x) and 
hxi{-,x) are analytic functions on [0, 1] for every x G M'^; this property plays 
a crucial role in the proof of our main result. 

Let me point out that in [1] and [18] and also in the technical appendix 
to [7] it is assumed instead that / = /(i, x) is a real analytic function on 
[0, 1] X R'^ in the usual pointwise sense; for simplicity of argument, suppose 
also that / is a bounded function. The proofs in these papers then rely 
on the claim that the bounded function h = h{t, x) satisfying (6) is a real 
analytic function on [0, 1] x R . However, the arguments behind this claim 
are either missing or incomplete. It is not clear to me whether such assertion 
holds even if X is a standard Brownian motion. 

3.2 Preferences and endowments 

The agents consume continuously on [0, 1] according to an optional process 
'^ = ('^t) ^ of consumption rates and also at maturity t = 1 according 



to a random variable H > of terminal wealth. The process of cumulative 
consumption is thus given by 

Ct= [ ^sds + El{t=i}, te [0,1]. 
Jo 

The expected utility of 77ith agent has the form: 

/■I J J 

Jo 
where r = r{t,x) is the "impatience" rate, common among the agents, and 
y^m _ ii'^{t^Q^x) and [7™ = C/"^(c, x) are utility functions for intermediate 
and terminal consumptions defined for t G [0, 1], c > 0, and x G M . These 
expressions are similar to those in [1], where the impatience rate r = r(i,x) 
does not depend on x. 

The income process of mth agent is given by 

ir= [ Ards + A™l{t=i}, tG[0,l], 
Jo 

where the optional process A™ of income rates and the random variable A"* 

of terminal endowment satisfy 

A™ > 0, A™ > 0, and P[/{" > 0] > 0, m = 1, . . . , M. (7) 

The total terminal and intermediate incomes are denoted by 

M M 

A 4 ^ A"^ and A = ^ A'". 

m=l m=l 

We shall say that a function / = /(c) on [0,oo) satisfies the Inada con- 
ditions if / is strictly concave, strictly increasing, and continuously dif- 
ferentiable on (0,oo) and limdo fc{c) = oo, limc-->oo /c(c) = 0. Moreover, 
/(O) = limc4,o /(O); this limit may equal — oo. 

We impose the following conditions on r, ([/*"), and A: 

(A3) 1 1—)- r(t, •) is a Holder continuous map of [0, 1] to Lqo whose restriction 
on (0, 1) is analytic. 

(A4) For X G M'^, the terminal wealth utility function U^{-,x) on [0,oo) 
satisfies the Inada conditions. On (0, oo) x M the derivatives U^ and 
W^i exist and are continuous, U^ < 0, and, for some constant A^ > 0, 

|[/™(l,x)| <e^(^+l^l), xGM^ (8) 

rTI"^ ITT™ |\ 



(A5) A = e^^', where the function H = H{x) is weakly differentiable, 
and, for some constant A^ > 0, 

\H{x)\<N{l + \x\) and \H^^\ < e^^^^^''^\ x eR'^. 

Remark 3.5. In the state-homogeneous case, where U"^{c,x) = U"^{c), the 
inequahty (8) holds trivially, while (9) means the boundedness of the risk- 
aversion coefficient —cU^/UJ."". Theorem 5.1 below shows that the families 
of functions U = U{c, x) satisfying (A4) are convex cones closed under sup- 
convolution with respect to c. 

The assumptions on the utility functions li™ = u'^{t,c,x) for intermedi- 
ate consumption are bundled with the conditions on the total income rate 
A. We assume that 

A, = eMiA), tG[0,l], 

and that the functions n™ and h are either time homogeneous: 

(A6) u"^{t,c,x) = u"^{c,x). For x G M'^ the function u'"(-,x) on [0,oo) 
satisfies the Inada conditions. There is a constant A > such that 

|'«™(e^x)| < e^(i+l^l+IJ'l), {x,y) G M'^ x M. (10) 

(A7) h{t, x) = h[x) and has a linear growth: for some A > 0, 

\h{x)\ < A(l + |x|), xGM'^. 

or they satisfy 

(A8) For (t,a;) G [0, 1] x M"^ the function u'"(t, -^x) satisfies the Inada con- 
ditions. The derivatives vJ^ and n^ exist and «™ < 0. There are a 
constant A > such that 

|'U™(t, e^ x)| < e^(i+l^l+IJ'l), (t, x, y) G [0, 1] x M'^ x M, (11) 

and an open set V C (0, oo)^ containing (0, 1) x {1}, that is a neigh- 
borhood of (0, 1) X {1}, such that 

(t,s) ^ (5'(i,se^,a;))(^^j^)giRdxK, 

is a bounded analytic map of V to Loo(I^ ), where g = g{t,c,x) 
stands for u'^/u^, cuJ^^ju^ ^ and u'^ /{cvl^l). 
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(A9) h(t,x) = hi{t,x) + h2{x), where t i— )• /ii(t, •) is a Holder continuous 
map of [0, 1] to Loo(IR'^) whose restriction on (0, 1) is analytic and the 
function /12 = h2{x) has a linear growth: for some A^ > 0, 

\h2{x)\ < iV(l + |x|), X eR'^. 

The role of either pair of these assumptions is to imply the assertions of 
Lemma 6.3 for every aggregate utility function u{w) = u{t, c, x; w) intro- 
duced in Section 4. 

Remark 3.6. A classical example of a utility function in (A8) is 

n-(t,c,x) ^ e-'"W "'^"^^;;^ g-(x), (12) 

where a™ is a positive constant of risk-aversion, i/'"^ = v^[t) is an analytic 
function on (0, 1) with bounded derivative, and g"^ = g"^{x) is a positive 
function with exponential growth: < g^{x) < Ae^'^l, for some A > 0; if 
a™ = 1, then, by continuity, u'^{t,c,x) = e'^"'^^\lnc)g'"^{x). 

Theorem 5.1 shows that the families of functions u = u{t, c, x) satisfying 
either (A6) or (A8) are convex cones closed under sup-convolution with 
respect to c. In particular, one can begin with functions as in (12) and 
build more general utility functions by successively taking positive linear 
combinations and applying sup-convolutions with respect to c. 

Remark 3.7. Regarding (A8) we observe that for a function g = g{t, c, x) the 
analyticity of the map (t, s) i-)- (git, se^ ,x))/^ \^^dy^^ of a neighborhood of 
(0, 1) X {1} to Loo(M'^'''^) readily implies the analyticity of the map {t, c) — )■ 
g{t, c, •) of (0, 1) X (0, 00) to Loo(R )• The inverse is not true. For example, 
the function 

5(c)^sin(ln2(c)), 00, 

is analytic and uniformly bounded on (0,oo). However, the map s 1— t- 
(5(se^))ygR taking values in Loo(IK'^) is not even continuous at s = 1: 

limsupsup|5(se^) — (7(e^)| = limsupsup|sin(ln (se^)) — sin(ln (e^))| 



= limsupsup|sin((e + y) ) — sin(y )| = 2. 

Let me point out that in [1] and [18], instead of (A8) and (A9), it is as- 
sumed that the functions u^ = u^{t, c, x) and h = h{t, x) are just pointwise 
real analytic. However, the proofs in these papers rely on the ambiguous 
argument discussed at the end of Remark 3.4. Hence, it is not clear to me 
whether such pointwise analyticity is sufficient. 
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4 Main result 

Denote by S*^ the simplex in 

m=l 

For a weight w G S define the aggregate utihty functions U{w) = U{c, x; w) 
and u{w) = u{t,c,x;w), where {t,c,x) G [0,1] x (0, oo) x W^, as the w- 
weighted sup-convolutions with respect to c: 

M 

U{c, x; w) = sup{ Y^ w;™?7"(c™, x) : c™ > 0, c^ + • • • + c^^ = c}, 



m=l 

M 

r . N A r 

m=l 



(t, c, x; w) = sup{ ^ w;™u"^(t, c™, x) : c™ > 0, cV • • • + c^^ = c}. 



Theorem 5.1 shows that the aggregate utility functions U{w) and u{w) sat- 
isfy same conditions (A4), (A6), and (A8) as C/™ and u™; in particular, they 
satisfy the Inada conditions with respect to c. 

By {Il"^{w))m=i,...,M we denote the w-weighted Pareto allocation of A: 

n'^H = if u'™ = 0, 
w'"U^(U"'{w),Xi) ^ Uc{A,Xi;w) if w"" > 0, 

and by {TT"^{w))m=i,...,M the optional processes of Pareto consumption rates: 
7r™('u;) 4 if w;"^ = 0, 
w"'uT{t,7rr{w),Xt)^Uc{t,Xt,Xt;w),te[0,l], if z/;'" > 0. 
The cumulative Pareto consumption processes are given by 

A 



C'^[w)= 7r™H(is + n'"Hl|t=i|, tG [0,1], ?n=l,...,M. (13) 

We denote by W the subset of S*^ such that 

W = {u- G S^^ : $"(«;) = 0, m = 1, . . . , M}, 
where the function ^"^ on Ti^^ is given by 

^^{w) = E[e-^<^'(*.^0'itf/^(A,Xi;u;)(n"^(u;) - A*") 

Jo 
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These functions are well-defined; see Lemma 6.4. 
For w G S*^ define the martingale Y{w) by 

Ytiw)^Emc{A,Xi-w)e-^o^<'^^^)<i'\:Ft], t G [0,1], 
and the probability measure Q{w) ~ P by 

dQ{w) ^ Yijw) 
dF Yo{w) ■ 

We also denote by 3(10) the positive optional process 

«'<"' ^ u.(,';.',t;.„) -^°"'""'"'<'<-> + *'«-'• ' ^ !»• 4- 

and by S{w) = (S'Kw)) the J-dimensional Q(t(;)-martingale with the termi- 
nal value 

•S'iM--7r+/ „ " du, j = 1,...,J. 

The integrability conditions needed for the existence of such Y[w) and S{w) 
are verified in Lemmas 6.5 and 6.6. 

We now state the main result of the paper. 

Theorem 4.1. Let the conditions (5), (7), (Al)-(A5), and either (A6) and 
(A7) or (A 8) and (A 9) hold. Then there is a complete Radner equilibrium. 
The set W is not empty and belongs to the interior of T,^^ . Every complete 
Radner equilibrium has the form {{B{w), S{w)),C{w)) for some w £ W and, 
conversely, {{B(w), S{w)),C{w)) is a complete Radner equilibrium for every 
w £W. 

The proof is given in Section 6 and relies on the criteria for the existence 
of Arrow-Debreu equilibria from [13], on the "backward" martingale repre- 
sentation result from [14], and on the study of utility functions in Section 5 
below. 

5 Convex cones of utility functions closed under 
sup-convolution 

Let U he a family of real-valued (utility) functions u = u{t, c, x) on [0, 1] x 
(0, 00) X M.'^ which are concave with respect to c. We are interested in U 
being a convex cone closed under the operations of sup-convolution with 
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respect to c: for every n, ui, and U2 in U and every constant a > the 
functions au, ui + U2, (ui (Be U2) belong to U, where 

{ui®cU2){t,C,x) = Slip{ui{t,Cl,x) +U2{t,C2,x) : Cj > 0, C1 + C2 = c}. (14) 

Motivated by the proof of Theorem 4.1 this property will be established 
for the following families of functions: 

hli consists of measurable functions u = u{t, c, x) on [0, 1] x (0, 00) x M 
which satisfy the Inada conditions with respect to c and such that, for 
some constant N = N{u) > 0, 

\u{t, e^ x)| < e^(i+l^l+ls'l), (t, X, y) G [0, 1] x M^ x M. (15) 

U2 consists of functions u € Ui such that the derivatives Ucc and u^^i exist 
and are continuous functions with respect to (c, x), Ucc < 0, and, for 
some constant N = N{u) > 0, 

"c lie / 

ZY3 consists of functions u & Ui such that the derivatives Ud and Ucc exist, 
lice < 0, and 

(i, s) ^ (5(t, se^ x))(^^j^)gjjdxR (17) 

is a bounded analytic map of some neighborhood of (0, 1) x {1} to 

Loo(K'^^^), whereof = g{t,c,x) stands for Uct/nc cUcc/uc, anduc/{cucc)- 

Theorem 5.1. Each of the families Ui, i = 1,2,3, is a convex cone closed 
under sup -convolution with respect to c. 

The rest of this section is devoted to the proof of this theorem which we 
divide into lemmas. In the study of U3 we use the versions of composition 
and implicit function theorems for analytic maps with values in Lqo stated 
in Appendix A. 

Lemma 5.2. Each of the families Ui, i = 1,2,3, is a convex cone. 

Proof. For Ui and U2 the result is straightforward. 

Let u^ and u^ be in Us, denote u = u^ -\- u"^, and fix to ^ (0, 1)- The 
analyticity of the map (17) at the point (to, 1), with g = g{t,c,x) standing 
for Uct/uc and cUcc/uc^ readily follows if we can show that 

{t,s) ^ (w{t,sey,x) ^ -^^{t,sey,x)) (18) 

\ '^c+'^c J (a;,y)e]R<^xM 
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is an analytic map of some neighborhood of (to) 1) to Lqo- 

For i = 1,2 denote Oj = —cu^^/u^^ and qi = u\^/u\. Observe that 

fi{t,sc,x) = -jj^ — '-—=exp{- -ai{t,rc,x)dr+ qi{r,c,x)dr), 

w{to,c,x)fi{t,sc,x) 
w[t,sc,x) — 



w{to,c,x)fi{t,sc,x) + (1 -w{to,c,x))f2{t,sc,x)' 

The analyticity of Oj and qi in Us and Theorem A.l yield the analyticity of 
the map {t,s) i— )■ ifi{t,sey,x)),^ .^^d+i of some neighborhood of {to,l) to 
Loo- As fi{to,c,x) = 1 and 

, w{to,ey,x)p 

[P, q) ^ 



w{to, ey, x)p + (1 - w{tQ, ev, x))qj (^^^y^g^d^^ 

is an analytic map of (0, oo)^ to Lqo, Theorem A.l yields the required ana- 
lyticity of the map (18); hence, also the analyticity of the map (17) at (to, 1) 
with g = g{t,c,x) standing for Uct/uc and cucc/uc- 

As a = —cUcc/uc is a convex combination of the corresponding risk- 
aversions for u^ and u'^, there is A^ > such that j^ ^ a < N. Another 
application of Theorem A.l implies the analyticity of the map (17) at (to, 1) 
with g = 1/a. D 

Lemma 5.3. Let u^^v? G lAi. Then u = u^ ®c u^ belongs to lAi and the 
upper hound in (14) is attained onci = f andc2 = c — f, where the function 
f = f{t, c, x) is such that < / < c and 

Uc{t, c, x) = ul{t, f{t, c, x),x) = ul{t, c - f{t, c, x),x). (19) 

Proof. Elementary arguments show that u{t,-,x) satisfies the Inada condi- 
tions and that the upper bound in (14) is attained on the above ci and C2. 
Since 

(n^ + u^){t, c/2, x) < u{t, a, x) < {u^ + u^){t, c, x) 

we deduce that u satisfies (15). Hence, u belongs to Ui. D 

Lemma 5.4. Let v}-,u^ G IA2- Then u = v} ®c u^ belongs to IJ2 and 

1 2 

IL U U 

— (t, c, x) = -fit, f, x) + -l-{t,c- f, x), (20) 

Ucc Ucc "^cc 

1 2 

?/ U U 

^t,c,x) = ^{t,f,x) + ^{t,c-f,x), (21) 

Ucc Ucc Ucc 

where f = f(t,c,x) is given by (19). 
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Proof. By Lemma 5.3, u &Ui. From (19) and the implicit function theorem 
we deduce that the derivatives fc and /^i and, then, Ucc and u^xi exist and are 
continuous functions with respect to (c, x). Direct computations show that 
Ucc < and that the identities (20) and (21) hold. It follows that Uc/{cUcc) 
and Ucxi/uc are convex combinations of the corresponding coefficients of u^ 
and n^. This implies (16). Hence, u £U2- □ 

The verification of the closure of ZY3 under (Be relies on 

Lemma 5.5. Let v}-,v? G ^3, u = u^ ®c u^ , CLnd the function f = f{t, c, x) 
on [0, 1] X (0,00) X M*^ be given by (19). Let to G (0, 1). Then 

,f{t,sey,x) sey-f{t,sey,x] 

[t, S) I— 7- 



J{to,ey,x)' ey-f{to,ey,x) J ^^ 

are analytic maps of a neighborhood of the point (to) 1) to Lc 
Proof For t G [0, 1], s > 0, r > 0, y G M, and x G M*^ denote 



:+i^ 



hi{t,s,y,x] 



A f{t,sey,x) 



s&y — f{t, sey ,x) 
h2{t,s,y,x) 



A hi{t,s,y,x) 



hi{to,l,y,x)' 
h3{r,y,x 



^ l + hi{to,l,y,x) 



l + rhi{to,l,y,x) 
and observe that hi > and 

f{t,sey,x) = sey = sf{to,ey,x)h2hs{h2,y,x), 

i + /ii 

sey - f{t, sey, x) = sey = s(e^ - /(to, ey ,x))h^{h2,y, x), 

1 + ^1 



(22) 



where we omitted the argument (t, s, y, x) for hi and /12. As h2{to, 1, •, •) = 1 
and r 1— ?• /i3(r, •,•) is an analytic map of (0,oo) to Loo(lR ), the result 
follows from (22) and Theorem A.l in the appendix if 

(t, s) ^ (/i2(i, s, y, x))(^^j^)gjj''xR (23) 



is an analytic map of a neighborhood of the point (ioi 1) to Loo(IR'^'^"'^). 

We rely on the version of implicit function theorem stated in Theo- 
rem A. 2. Define the function 

, /, ^ A , f ul{t,sf{to,ey,x)rh3,x) \ 

h4it,s,r,y,x) = In — — — — , 24 

\ui{t, s{ey - /(to, ey,x))h3, x) J 
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where h^ = hi{r,y,x). From (22) and (19) we deduce that 

, .. , \ ^ ( ul{tj{t,sey,x),x) \ 

h,it, s, h„ y, X) = In ( ,g(,^,,,_;(,^,,,^,)^,) J = 0. 

Denote aj = —cu^^/u'^ and qi = ul^/u'^. Direct computations show that 

5/l4 1 , , 

-TT- = -{-ai + a2), 
OS s 

— — = -ai--hi(r/i3) + a2T-hi/i3 
or or or 

1/1 rhi 

= ai- ; \- 02- 



r \ 1 + rhi 1 + rhi 

where hi is evaluated at {tQ,l,y,x) and the omitted arguments for ai and 
Qi are as for u\ in (24). Another apphcation of Theorem A.l yields that 
each of these partial derivatives for /14 defines an analytic map of some 
neighborhood of (io,l,l) to Lqo- As h4^{tQ,\,l,y,x) = we obtain that 
(t, s, r) I—)- /i4(t, s, r, •, •) is also an analytic map of a neighborhood of (io, 1, 1) 
to Loo- Moreover, there is A^ > such that 

1 dhi , N , , 

_<-_(*„, 1, v..) <iV. 

The required analyticity of the map (23) follows now from Theorem A. 2. D 

The following lemma completes the proof of the theorem. 

Lemma 5.6. Let u^,u'^ G U3. Then u = u^ ®c u^ belongs to U^- 

Proof. Let / = f{t,c,x) be defined by (19). From (19) and the implicit 
function theorem we obtain that the derivatives ft and Uct exist and 

^(t,c,x) = ^{tj,x) + ^{t,c-f,x). (25) 

Ucc U^^ U,,^ 

Denote a = —cucc/uc and q = Ud/uc and let Oj and qi be the corre- 
sponding coefficients for u*, i = 1,2. From (20) and (25) we deduce that 

1 ^ 1 / ^ 1 c-f 

a ai{t,f,x)c a2{t,c-f,x) c 

- = —{t,f,x)- H {t,c- f,x) . 

a ai c 02 c 
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The required boundedness and analyticity of the maps 

(t,s) ^ {g(t,sey,x))^^^y)^jg^d^f,, g stands for a,l/a, and q, 

of some neighborhood of (0, 1) x {1} to Lqo follows now from the bounded- 
ness and analyticity of these maps for u^ and u'^ and from Lemma 5.5 and 
Theorem A.l. D 



6 Proof of Theorem 4.1 

As in [1], [7], and [18] the proof consists of two steps. First, in Lemma 6.4, 
we describe all Arrow-Debreu equilibria. Then, in Lemma 6.6, we obtain 
that every Arrow-Debreu equilibrium yields a complete Radner equilibrium. 

We always work under the assumptions of Theorem 4.1. We shall often 
use the fact that, as the diffusion coefficients b = b{t,x) and a = a{t,x) are 
bounded, the running maximum sup^^rg iil^t] has all exponential moments. 

We begin with some estimates concerning the utility functions. 

Lemma 6.1. Let U = U{c, x) be a function on (0, oo) x M satisfying (A^). 
Then there is a constant N > such that, for [x, y) G M'^ x M, 

m + U,- C/ec + |^ex'|)(e^x) < e^(^+l-'l+l^l). (26) 

Proof. From (A4) we deduce that the function G{x,y) = InU de^ ., x) has 
bounded derivatives. This yields the estimate for Uc- The inequalities for Ucc 
and Uf.^i then follow from (9), while the inequality for U follows from (8). D 

Lemma 6.2. Let u = u{c,x) be a function on (0, cxo) x M satisfying (A6). 
Then there is a constant N > such that 

Uc{ey,x) < e^(i+l^l+IJ^I), {x,y) e M"^ x M. 

Proof. From the concavity of u{-,x) we deduce that 

2 2 

Uc(c, x) < -{u(c, x) — u(c/2, x)} < -{\u(c, x)\ + \u(c/2, x)\} 
c c 

and the result follows from (10). D 

Lemma 6.3. Let u = u{t, c, x) be a function on [0, 1] x (0, oo) x M.'^ satisfying 
(A8) and such that for every (c, x) G (0, oo) x W^ the function Uc{-,c,x) on 
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[0, 1] is continuous. Let h = h{t, x) be a function on [0, 1] x M satisfying 
(A9). Then there is a constant N > Q such that 

t^ e-^l\^(i^eMt,-),.) A (e-^l-ln,(t,e'^(*'^),x)WM^ (27) 

is a Holder continuous map of [0, 1] to Lqo whose restriction on (0, 1) is 
analytic. 

Proof. From the concavity of u{t, -^x) we obtain 

2 

uAt, c, x) < -{u{t, c, x) — u{t, c/2, x)) 
c 

and then (11) imphes the existence of A^ > such that 

Mt, e^ x) < e^(i+l^l+l?^l), {t, x, y) G [0, 1] x M*^ x M. (28) 

Fix to £ (0, 1)- Denote a = —cucc/uc and q = Uct/uc and observe that 
Uc{t, sc,x) f f^ 1 



exp I — / -a{t, re, x)dr + / q{r, c, x)dr ) . 
\ Ji r Jto ) 



Uc{to,c,x) \ Ji r Jt^ 

The analyticity of a and q in (A8), Theorem A.l, and the inequahty (28) 
yield the existence of A^ > such that 

(t, s) ^ fe-^(l^l+l^l)7Xc(t, sey,x)] (29) 

is an analytic map of a neighborhood of (0, 1) x {1} to Loo(IR'^'^^)- Define 
the functions 

gi{t,s,x)^uc{t,se^^'^'''\x), 

q U rj.\ A ^h{t,x)-h{to,x) _ ^hi{t,x)-hi{to,x) ^ 

From the analyticity of (29) and the linear growth for h{to, •) we deduce the 
existence of A^ > such that (t, s) i— > e~'^'''gi(t, s, •) is an analytic map of a 
neighborhood of (to, 1) to Lqo- We also obtain that g2 > 0, g2(to, •) = 1, and, 
by (A9) and Theorem A.l, the map t i— t- g2{t, •) of (0, 1) to Loo is analytic. 

As 

Uc{t, e''^*'^^ x) = gi{t, g2{t, x),x), 

Theorem A.l now implies the analyticity of the map (27) at to; hence, also 
the analyticity of this map on (0, 1). 
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It remains to verify the Holder continuity of the map (27). Observe 
first that as the function Uc{-,c,x) on [0, 1] is continuous and the function 
Uc{t,-,x) on (0, oo) is continuous and decreasing, the map t i— )■ Uc{t,-,x), 
t € [0, 1], is uniformly continuous on compact sets: for every n > 

sup \uc{t, e^ ,x) — Uc{s,ey ,x)\ ^- if |s — t| — )■ 0, s, t G [0, 1]. 

This property and the continuity of the function h{-,x) on [0, 1] implies the 
continuity of the function Uc{-,e^^''^' ,x) on [0, 1] for every x E M'^. 
Fix < s < t < 1 and denote 

/(r) = uc{s + r{t - s), e'^(^'^)+^('^(*'^)-'^(^'^)), x), r G [0, 1]. 

From (28), (A8), and (A9) we deduce the existence of constants M,N > 
and < 6 < 1 such that, for r G (0, 1), 

/(r) < e^(i+l"l), 

|/'(r)| <M{{t-s) + \h{t, x) - h{s, x)\) f{r) < e^(^+'^')|i - s\^ . 

It follows that 

|n,(i,e'^(*'^),x)-tXe(3,e^(^'^),x)| = |/(l)-/(0)|<e^(i+N)|t-s|'5. 

This implies the Holder continuity of the map (27) taking values in Lqc 
on (0,1). As, for every x G M'^, the function Uc{-,e^^''^' ,x) on [0,1] is 
continuous, we also obtain the Holder continuity of this map on [0, 1]. D 

The following lemma accomplishes the first step. For w G S*^ denote 

Jo 
Lemma 6.4. An Arrow-Dehreu equilibrium exists. We have 

E[ sup ri{w)\ < oo 

and, hence, the functions ($*") are well-defined. The set W is not empty 
and belongs to the interior of S^^. The set of Arrow-Debreu equilibria is 
given by {yP{w), {C™' {w))m=i,...,M) , y > 0, w £ W, where the consumptions 
C"^{w) are defined in (13) and the consumption price process P{w) is given 
by 

Ptiw) ^ e-/oK^.-'^=)'^«n,(t,Ai,Xi;^)l{,<i} 

+ e-^oris,Xs)ds^^^^^Xi;w)l{t=,}, tG [0,1]. 



20 



Proof. We use the criteria for the existence of Arrow-Debreu equihbria from 
[13]. Theorem 1.4, Corollary 1.5, Theorem 2.4, and Lemma 3.1 in this paper 
imply the assertions of the lemma if, for z G (0, 1] and m = 1, . . . , M, 



E 



e 





'i'o^'(^'^»)'^"|n"^(t,zAi,Xi)|dt + e-io' K^.^»)°'^|[/'»(zA,Xi)| 



< CXO. 



From the estimates (10) and (11) for n™ and (26) for f/'" we deduce the 
existence of a constant A^ > such that for every < 2; < 1 

\u'^it,zXt,Xt)\ + \U'^{zA,Xi)\ = |7x™(t,ze''(*'^*),Xi)| + |C/'"(ze^(^i),Xi)| 

< J_pA'(l+suPte[o,i]l-^«l) 
- Z^ 

The result now follows from the boundedness of the impatience rate func- 
tion r = r(t,x) and from the existence of all exponential moments for 

SUPt6[0,l]|^t|. □ 

Hereafter, for w £ Tj^ , we denote by P{w) the consumption price process 
defined in (30). 

Lemma 6.5. For every w € Ti^ we have 

E[Pi(u;)^] =E[e-^o'i*>^^)d'*Uc{KXi]w)-^] < 00; 
in particular, the martingale Y{w) is well-defined. 
Proof. From Lemma 6.1 we deduce the existence of A^ > such that 

|t/"'(e^x)| < e^(i+l^l+l^l\ {x,y) eR'^xR, 

and, then, from Theorem 5.1 that U{w) = U{c, x; w) satisfies (A4). Lemma 6.1, 
the linear growth oi H = H{x), and the boundedness of r = r{t,x) imply 
the existence of A^ > such that 

\P,(w)\ = Ucie''^'''\Xi)e-for(tA)dt < giV(i+|Xi|)_ 
From (A2) we deduce a similar estimate for ^: 

* = G(Xi)e-^o '?(^-'^'')'^' < e^(^+l^il). 

The integrability of Pi(w)^ follows now from the existence of all exponential 
moments for \Xi\. D 
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Lemmas 2.3, 6.4, and 6.5 imply that the set of complete Radner equilibria 
is a subset of {{B (w) , S (w)) , C {w)) , w G W. In view of Lemma 2.4, it only 
remains to be shown that for every w ^ W the (i?(^«), 5(u;))-market is 
complete. This is accomplished in 

Lemma 6.6. For every w S S*'^ the ^{w) -martingale S{w) = {Sl{w)) is 
well-defined and Q{w) is its only martingale measure. 

Proof. We rely on the martingale representation result from [14]. Recall 
that 

w) _ Yi{w) 



dF Yo{w)' 

Yi{w) = K{Xi;w)e^o l^ii'^^)'i\ 

' Ytiw) 







where 



/3(t,x) = q{t,x) - r{t,x), 
a^ {t, x) = p' {t,x) — q{t,x), 
K{x;w) = G{x)Uc{e^^''\x]w), 
g^{t,x;w) = fit,x)u,it,e''^''^\x;w). 

According to Theorem 2.3 in [14] the result follows if the diffusion coefficients 
b and a satisfy (Al) and there is a constant N = N{w) > such that 

(i) The functions F^ and K are weakly differentiable, K is strictly posi- 
tive, the Jacobian matrix ( F-^^ ) has rank d almost surely 

V ^ / i=l,...,d, j=l,...,J 

under the Lebesgue measure on M , and 

|F^;(x)| + |K,.(x;u;)| <e^(i+N), xeM'^. (31) 

(ii) The maps t ^ e~^\-\g^{t,-;w) ^ {e-^^''hHt,x;w)) ^^^„ t ^ a^{t,-), 
and t I— ;• /3(t, •) of [0, 1] to Lqo are analytic on (0, 1) and Holder con- 
tinuous on [0, 1]. 

The required properties of F^ , a^ , and (3 follow immediately from the 
conditions of the theorem. 
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Clearly, K > 0. By chain rule, 



oH{x) 



+ G{x) (Ucc{e"'^''\x■,w)e^'^'''>H^^{x) + U^^^{e''^^-',x■,w^ 

From (A2) we deduce the existence of a constant A^ > such that 

\G^^{x)\ + G{x) < e^(i+l^'l\ X e M'^. 

Theorem 5.1 implies that U{w) satisfies (A4). Then, by Lemma 6.1, there 
is A > such that 

{\Uc\ + \Ucc\ + \U^^^\){ey,x;w) < e^(^+'^'+ls^'\ {x,y) G M'^ x M. 

These inequalities and the condition (A5) for H imply the exponential esti- 
mate (31) for K^i. 

Theorem 5.1 implies that u{w) = u{t, x, ; w) satisfies same conditions (A6) 
or (A8) as u™". The assertion (ii) for g^ follows now from Lemmas 6.2 and 6.3 
and the properties of f^ in (A2). 

A careful reader may notice that in Lemma 6.3, in addition to (A8), 
we assumed the continuity of Uc{-,c,x) on [0, 1]. This does not restrict any 
generality. Indeed, denoting q = Ud/uc we obtain that 

ne(t, c, x) = 7Xe(l/2, c, x)e^i% '^('^''•"^'^'^ 
and, as q is bounded, Uc{-,c,x) can be continuously extended on [0, 1]. D 

A On analytic functions with values in Lqo 

In this appendix we state versions of composition and implicit function the- 
orems for analytic functions with values in Lqo used in the proofs of Theo- 
rems 4.1 and 5.1. Hereafter, Lqo — Loo(-E') for some fixed set E CW^. 

Theorem A.l. Let f = f{x,y) and gi = gi{x,z), i = l,...,m, where 
X G R", y G W^ , and z G W , be analytic maps of neighborhoods of (0,0) to 
Loo such that gi{0,0) = 0. Then 

h{x,z) = f{x,gi{x,z),...,gm{x,z)), {x,z) G M" x M', 

is an analytic map of a neighborhood of (0, 0) to Lqo- 
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Theorem A. 2. Let f = f{x,y), where x € M" and y € M, be an analytic 
map of a neighborhood of (0, 0) to Lqo such that /(O, 0) = and fy{0, 0) > e 
for some constant e > 0. Then there is a neighborhood V C M" of and an 
analytic map g = g{x) of V to Lqo such that 

fix,g{x))=0, x€V. 

The proofs of both theorems are essentiahy identical to the proofs of the 
corresponding resuhs for real- valued analytic functions, see, e.g.. Proposi- 
tions IV.5.5.1 and IV.5.6.1 in [2]. 
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